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Introduction

Highly-qualified specialist training for various fields of science and manufacturing is the
most important goal of the modern technical research university. Good command of foreign
languages is one of the main factors of successful scientific and practical activity of a modern
specialist. Studying English is one of the main ways to integrate students, as future specialists,
into the international system of production, technology and economics. In this regard, it is
necessary to enhance the system of students’ teaching in foreign languages, English in
particular, and thus, integrate them into the international educational environment.

Therefore, teaching English requires developing some methodological recommendations.
This is especially important in the process of learning mathematics because studying any of the
technical disciplines is impossible without mathematics background. The purpose of this
textbook is to improve the quality and forecast study results of foreign students as well as the
students delivered the course of Higher Mathematics in English. Also, this textbook is designed
to increase the effectiveness of learners’self-study.

The content of the textbook "An Uncertain Integral" covers the general course of Higher
Mathematics for technical specialties. A fairly complete and concise presentation of the
theoretical information is introduced at the beginning of each section. Then, detailed solutions
of typical examples arranged in the order of increased complexity are given and proved. A
number of typical tasks are thourougly analyzed in this textbook empowering students’
opportunity to solve independently individual tasks presented at the end of each section.

Studying the material of this textbook allows a student to learn how to work
independently and obtain sufficient practical skills required not only for studying other sections
of Higher Mathematics but other special disciplines as well.

The textbook i1s intended for students of the first and second courses of all specialties of
technical higher education institutions of full-time, correspondent and distant forms of study.



§1. Primitive Function and Indefinite Integral

1.1. The Primitive Function. The function F(x) is a primitive function of f (X) in some
interval X if the following holds true:

F'(x)=f(X), vxeX (1)

Obviously, the definition (1) makes sense only when the function F(x) is differentiable in

the interval X.
Example 1.

a) Let f(x) = 2x. The primitive function is F(x)= X2 in X = (~o0, 0). We can easily verify

the result by differentiating: F'(x) :(xz) =2x=f(x) VxeX;
b) Let f(x) =sin3x. It is easy to find a function F(x), satisfying equality (1):

F(x) =—%cos3x, X € X = (o0, o0).

Indeed, F’(x)z(—%cosij :—%(—BSin3x):sin3x= f(x), vxeX

Remember that the derivative of a constant term is zero (C’'= 0). Hence, if a constant
term is added to the function F(x), the function obtained will also have the same derivative.
Therefore, we can put: [F(x) + C]' = F'(x) = f(x).

Let f(x) =2x. Then the primitive functions will be F(x) = x and F,(x) = x*> + 1 and Fx(x)
= x 2 - 3, etc. It obviously follows that there is not just one solution but many others which
differ only by constants: F(x) + C.

The primitive of a function f (X) without any additional conditions is always uncertain. If
the function f (X) in the interval X has the primitive function F(x) then it also has an infinite set
of primitive functions F(x)+C, where C = const.

1.2. Indefinite Integral. The set of all primitive functions of a function f(x) in the
interval X is called the indefinite integral of the function f(x).

This is written as:

Jf(x)dx:F(x)+C. (2)

Here f(x) — integrand; f (x)dx — an element of integration; x — variable of integration;
C — arbitrary constant; [ — the integral sign.

For example, JZxdx =x*+C.

Equality y = F(x) + C determines some curve with a fixed C.

When C is changing, the integral curve shifts along the Oy axis. Thus, all primitive
functions differ from each other by a constant which can be determined from specified
boundary conditions (fig. 1).



y=F(Xx)+C,

y =F(X)
/y:F(X)"'Cz

AN

Fig. 1

1.3. Indefinite integral properties.
1. Derivative of indefinite integral is the integrand, and the differential of indefinite
integral is the element of integration:

(JfFO)dx)=1(x),  dfF(x)dx=f(x)dx. (3)

2. Indefinite integral of the differential of a function is the sum of this function and
an arbitrary constant:

JdF(x)=F(x)+C. (4)

3. If Alis aconstant and 4 =0, then
JAT(x)dx=A[f(x)dx. (5)

4. The integral of the sum of two or more functions is equal to the sum of the
integrals of the individual functions:

I[f(x)ig(x)]dxﬂ'f(x)dxijg(x)dx. (6)

1.4. Table of Fundamental Standard Integrals. The Table of standard integrals
contains some elementary functions and their integrals. It is easy to verify the results by
differentiation according to (3).



Tablel. Fundamental Standard Integrals

1. Idu:u+C 8. [ctgudu=Infsinu|+C
a+l -
2. ju“du=u +C. a#-1 9. dl; :jseczudu:tgu+C
a+l Y cosu
24, °ﬂ:2\/;+c 10. _dg :jcoseczudu:—ctgu+C
JJu * sin“u
26. .@=_£+C 11. ‘fj_U:mth +C
J 2 u ’sinu 2
- du .
3. [Moinful+c 12 [y, tg(hzjm
u cosu 2 4
. aY - du 1 u
Udy = 13. =—arctg—+C
4 a du Ina-l-c ) u2+a2 a ga
da. |e"du=¢e" +C 14 (294 1 lu=al
. Ju?-a? 2a |u+a
5. |sinudu=—cosu+C 5 (Y _esinYic
a?-u’ a
6. Icosudu:sinu+c 16. [ du :In‘u+ [ +a2|+C
" Ju?+a?
7. Itgudu=—|n\cosu\+C 17. 'udv:uv—J.vdu

§ 2. Techniques of Integration

2.1. Direct and substitution integration. Some integrands after algebraic
trigonometric transformations could be integrated just using the table of standard integrals.
Example 1.
5 3 4 6
[(@x° + = —5¢x —==)dx.
X X

Tx

According to the properties (4) and (3) this integral can be represented in such a way:
1 1

2[ x°dx +3jd—f—5j<‘/§dx—6j%=2j X°dx+3[ x~*dx -5[ x4dx—6 x dx.
X X

Then using formula (2) one can obtain:



5 —
6 -3 4 6 5 6

=
2-X—+3-X——5-X——6-X—+C=X——i—4 x4-7-x7 +C
6 -3 5 6 3 X
4 7

Example 2.

j(?x9 —3c0sX + 5ex)dx.

According to the properties (4) and (3) this integral can be represented in such a way:
7j xdx —BIcos xdx + 5jexdx.

Then using formulas (2), (6) and (4a) obtain:
10
7~);— —3sinx + 5e* +C.

Example 3.

J‘ dx
sin? xcos® x
We can transform the integrand using fundamental trigonometric formulas:

1 _sin®x+cos’x 1 1
sin?xcos®x  sin®xcos®x  cos’x  sin®x’
dx dx
therefore, | = I 5 +J- >— =1, +1,. Integrals /; and /> should be found by formulas

Cos“ X 7sin“x
9 and 10 of standard integrals table. So, I = tgx —ctgx + C.

In general, the integral 1 (x)= j f (x)dx may not belong to the tabular type, but it can

be transformed using substitution: f (x)dx= f [x ] (u)du=g¢(u)du, and then it could be

integrated by the table: I ( I¢ u)du =
In particular, if u=ax + b, where a and b are constants, the following holds are
true:
If(ax+b)d(ax+b):F(ax+b)+C (7)
or
af f (ax+b)dx=F (ax+b)+C.
Therefore
jf(ax+b)dx:§F(ax+b)+C. (8)

Following example demonstrates the formula (8) usage:



a) J'sinxdx:—cosx+C = Jsin(3x+1)dx:—%cos(3x+1)+c;

6) jexdx=eX+C =X J‘e‘zxdx=—le‘2"+c.
2

Try following examples as well.
Example 4.

([ o
25+ 4x

Let us use the formula (8) and formula (13) from Table 1:

'[ % dx =iarctg%+c
5% +(2x) 10 5

Example S.

7 X 1
I[Js-:sx toEte _sin2(3x—1))dx

According to the properties (4) and (3) this integral can be represented in such a way:

7 X 1
J’L\/5—3x+2\/E+4_sin2(3x—1)J J5-— 3x+2j\/_Jr Ak jsm 2(3x—-1)

Now let us use the formula (8) and formulas (2) and (10) from Table 1:

3
l3-2«/5—3x+2-5-§- (§+4j +%ctg(3x—1)+C=

3
= ——+/5-3X +— (§+4j +%Ctg(3x—1)+C.

Example 6.
dx

sin® xcos® x
We can apply another method for this example. As you know, sin2x =2sinxcosX then
1 4

sinxcos? X sin?2x

Let us return to integral J (example 3).

> SO,

| :4] _d2X = (using formula (8))=—fctg2x+c=—2ctg2x+c.
sin“ 2x 2

To verify the results, we should make some transformation

2 - 2 H
COS2X COS“ X —SIN“ X COSX SINnX
—2Ctg2X =—2— =-2 - =——+ =tgx — ctgx.
SIn2x 251N XCOS X SInX COSX

Hence, the results of examples (6) and (3) coincide.




Individual Task 1

Variant 1
1. j(x+1)2dx 2. J'(x2+2005x+ex)dx 3-f(\/;+1)2 dx
3X
2 5 / 6
1 2dx -
* J( 16— x° +coszxjdx j(«/; sin® Xj

j((i’/hl)z —%jdx

1 5 7 ) 3
7.1 53/x? + 2ctgx + — |dx 8. (| = + dx 9.1] 5sinx —= |dx
J( \/_ g 3Xj j(x3 5+x2j J.( Xj
10. [oos(5-2x)dx . L ox 12. [sin(1—2)dx
3Xx-7 8
Variant 2

1. (2x-1)%dx

2._[(x3 +3C0S X + 2X)dx

3.J.(\/§%dx

5 3 3 _i 6. || 4cosx+— jdx
4.I y _XZde S.J PR 2jdx I X
2] Lo (s f[ e oo |29
9—x2 COS°X Yx COS™ X Ja+x2 2
1O.J'e(3+2X)dx " 1 & 12 X
: .| cos(4 —=)dx
J‘\/5X—2 J- ( 7)
Variant 3
1. (2-3x)%dx 2.[(3 X 3X +5)?2
|(3x—2cosx + 4 )dx 3J"( X+9)" 4y
' 2X
4.[ 4__3 dx s.j 1 e dx 6-j(2tg><—ijdx
X 16 — x2 3+x% 2 \/;
e ) | )
8. || ——=—4x— dx ——— dx
") 4+x2+sin2X]dX IW 2c0s” x IJ_ X 2c0sX
3x+2
10. [672dx 11.I+dx 12. [sin(% +)dx
cos“(4x +6) 6

Variant 4




1. (@+3x)dx

2. I(3+x —2ctgx+3x)d

j(\/;+1)

+—)dx

7+ %2

6.j(gcosx—?jdx

jdx
X

2 1
7.I[W—4x— -~

9[( N2 SlnX]dx

A
=i
-

10. j (6x +11)°dx X4
6
sin (4 3x) 12'.[6 dx
Variant 5
3 . 4 2
1'I(2+X) dx 2. 3x+i—tgx+3eX dx 3.1(\/;—_2)dx

o

3
4.j[1—6+x2

X
5. 1 —e—de
TWTHx2 3

6._[(%

sin x—inx
Jx

off 3 2
7. dx |8. - dx
j( 55|n xj I\ xx coszxj 9-[[ b COSX]dx
1 2X 2.8
10. dx 11. | cos(5 —==)dx ="
I(gx_z)s Jeos(E-=7) 12.[75 dx
Variant 6
- 3 :
1‘.(1_)() dx 2. (\/;J“l) dx 3. 5—lsinx—§jdx
Cadx ’ 2 X
o[ 3 . 4 (1 4
4. || —= —4tgx |dx 2__ T X 6. -1+ dx
-(XZ& 9 j 5.]| 3x \/x_3+Cth+3 jdx N odx coszxj
7. .(4)(3_ > )dx | _ +§ dx 9. 3 + 05X 4
y 25+ X2 1922 o2
1 1
10. | =——dXx 11.|tg(— =1)dx 12. dx
J.\3/3x—2 jg( ) J‘0052(3 X)
Variant 7
3
I'I(X+1) dx 2.!(3x2—2cosx+§jdx .J‘(\/;+1)
X 3X

)

25 + X2

5.]((%/%1)2 —7—;de




8'[( de 9.
4 X2 © cos?

J( de

XA/ X sin
1
10. dx H.C%———de 12. | ctg(=+9)dx
JA3X+5 j (5 ) I g(3 )
Variant 8
2 2
]'I(S"ZX) dx 2. (2 X3 +2 4—2 jdx 3,'£Zléi%!2_dx
° : 3X
4 j L 3 dx |3 ( 1 > —4e j 6. 23n1x—————jdx
s o5 2 I\ 16+ X2 - 24/x
4 1
7 . o |8 5f__] (L4 1
I 3—x? Zcoszxj -(\f_ sin” x -] 9__X24_Zcosx dx
1o.j+dx 11.jsin(3—x—7)dx 12.j 1 ax
cos“(3+5x) 8 3-5x
Variant 9
(2 )2 3y 1\2
1._(3 X)“dx Z.I 3X—2C0S X+ — jdx 3.I£3£g——1l—dx
X SX
aflie o3 | 5. 5 L& |u 6. 2—tg><+inx
T ax fh_ 2 Jl5+x* 5 JIx
[ 2 1
T )| ==X~ 5 jdx g,j >, _72 dx 9.[ > _7 dx
“Ux 005" X J1+x?  sinx J16+x2  SinX
10.I+dx 1. L ox 12. [sin(5 - 2)dx
cos“(5—2x) 7X-3 9
Variant 10
3 . 2
1'I(X+2) x 2. x2+1—gtgx+5x dx 3,J'—(X*/;+1) dx
1 3 (7 5e* 1
4. _ dx 5 n dx 6.j X— ZCosx—-———de
I Jx ‘JG—XZ} TW7+x2 3 ] 2%°
1 7 o[ 2 1 2 1
TN —- dx 8.|| == —4x— dx |9.|| —=—-4- dx
j 3x coszxj I\ 4x 2$n2x) j XA/ X 23"1X]
10. [ e¥**2dx 1 X
1. dx 12. | cos(7 ——=)dx
I\/S—Zx Jeos( 2




Variant 11

1.[(2—3x)2dx 2. '(3x—7x‘°’—25inx+ex)dx 3 - (Ix —3)? dx
J 2\/;
1 3 (2 € 2 1 j
4. _ dx | 5. += |dx 6.|| =—Ccosx—— |dx
I(xﬁ \/9+X2J 49+ x° 3J 5
7. I[2+&+ ]dx 8. [ i—4x—ctngdx 9. 2x+—+ijdx

COS

g/;

2/x  cosx

10. j 3947 dx

L — o
cos“ (4 —6x)

12. sin—+4dx
Jsin(-+4)

Variant 12
3 . . —1)?
l.j(l—ZX) dx 2. 5x+%—20tgx+3dex 3. —(3\/; 1) dx
) X © 02X
3 - 1 Zex (1 . 3
4.1/ 6- dx _ 6.]| =sinXx——= |dx
I 36+x2j 5'. \/9+x2 3 de -(2 i”/;j
2 1 ¢ 1 o[ 1 1
7. + dx |8. ——3 dx 9. (—+ _ jdx
j x%x 4coszx) T ad/x 25in2xj J\4x  2sinx
10. [ (4x+1)°dx 1 1 4 Xiq
P e — 2
Isin2(3—7x) 12. [e2 "dx
Variant 13

1. |2+ x)%dx X +1
I( ) 2.J 23— 1 +8ctgx+4xjdx 3I(J_ )d
N
X 1. 3
4-j 4x3—Lde 5‘.[ 1 2+_jdx 6.[(7—§smx+;jdx
5 1 X 4 4
7. 1| —=——=tgx |dx .|| —F=—X+ dx 9. (9—x+ jdx
-[ x/X gj I 2/x 5coszxj j 5C0s X
3X Qg
10. dx 11.|cos(2—=)dx i
I(Zx-l)S Jeos2-0) 12.[57 " dx
Variant 14
l.j(x—l)gdx

2.](4x3 —COSX + zijdx
X

3.I(\/;2—;3)3dx




5 4* 2
4. + 24X — dx , 3 —1)% - 6. (2—3ct x——]dx
| 2xJ_ Jx — Xj 5][(2\/} 1) dex | 0x =
5 5
7J‘ 3 _ 32 dX SI(T—FjdX 9. J‘ _ dX
9_x2 COS”X X X Jorx? cosx
1 2X 1
10. | ———=dx 11.|tg(— +21)dx 12.| ———dx
J.\4/4x—5 Ig( 5 ) jc052(3x—7)
Variant 15
3 3
1. (2x=3) dx (2 3x3——cosx+8jdx 3_'(\/;+2X) dx
’ X X ° 3X
4, °(£5—x+ 62 )dx S. I((\/_J“l) +6e” )dx 6. '(x+5tgx—%jdx
"X COS“ X ] X
[ 5 1 1 15 .
7. ( 5= 5 jdx 8.“—2— 2)dx 9. > __1 dx
“\19-x" 2co0s”x 9X®  3+X T\ \Jg_x2 2cosx
2X 3X
10. dx 11. | cos(— + 2)dx 12. | ctg(— +9)dx
s fonZ o o0+
Variant 16
2 . 2
1. [ x(2-3x)%dx 5 3X3_2+ﬂ+2x)dx 3.1(3—2\/?) i
. X 2X
4.[( 4 —4ex)dx 5 ( 8.9 | 6.j(x—25inx+ijdx
4+ x> SN 2%
3 1 .
7. + dx | 8. ——7 X + 9.1| 2— 7x\/§+ j
J.(4—X2 3C052Xj I3 Vx sin? xj J( sin X
1 5 X
10. dx 11.|sin(— —3)dx 12. | tg(— + 2)dx
[ s Jsin(-3 Jug+2
Variant 17
2 2
1,[@@ 2.[ 34+ X—COSX+— )dx 3.IN;—_Ddx
2X X 2X
2 9 1 3 3
4. 1| —=—-X~— dx = 6. || 1-2tgx + —= |dx
1(3\/; coszxj 5. 4% 9_X2de I[ ° Zﬁ]
2 X
C | N | SR LY | ST ¥
24+ x2 2sin“x 4+x° 2 2 _y2 2sinX




10.[2;01)( 11.jsin(8—x—4)dx 12.j L
cos“(3—7x) 3 1-3x
Variant 18
3 . (%X —1)?
1 ((X=2) dx 2. §—4x2—2tgx+5x)dx 3 mdx
5x "\ 2 5 I ax?
8 3 (7 e ([ X 8
4. - dx 5. +— |dx 6. | ——ZCOSX——gjdX
T Vx \/6+sz NJT—¢ BJ 9 X
702 - —2 Jax |8 [ - 92 jdx 9. 7—x—ijdx
3x sin? x 13X cos®x ’ COS X
1 1 : 2X
10. | ———dx 11. | z=——=dx 12. |sin(4 ——)dx
Ic052(2—5x) -[\3/7x—3 -[ ( 5)
Variant 19
2 . . —2)3
I'I(3_X) dx 2. x+4x3—%sinx+exjdx 3. —(\/; 2) dx
5 5 . 4" (2
4. —=- dx D\ 6. ——cosx—— dx
I(Xg 25+X2) 5.[| 24 -1 3jdx . 7
(1 . 3 3
7. dx | 8. +24/x - 4tngdx 9. - dx
j[ Jo-x2 "~ cos? xj L 2x/x "9+ x? COSX

10 I;
Jsin?(7 -3x)

dx

ll.j%dx
(7x=3)

) X
12.]sin(4 ——)dx
[ sin( o)

Variant 20
1. [ (- 2x)%dx1 3y —1)3
I( ) 2.J axd— 1 +7ctgx + 3% |dx 3-J‘gdx
NG 3Vx

2 e*
4, +— |dx
-[ 2+ %2 2}

6.I 8—lsmx+ dx
5 X

XA/ X

7.j i—%ctgx

Jox

3
S.j X——4x+ 12 de

9. [| —— - — de

2x2+1 5cosx

10 I;
" cos?(5x + 2)

dx

) 2X
12.]sin(1——)dx
fsina-=5)




Let us return to the mentioned above transformation (8) of an integrand using new

variable u = u(x):
f(x)dx=f[x(u)]x(u)du=g(u)du
that leads to the tabular integral type'
I¢ u)du =

In general case new Varlable u = u(x) should be chosen to simplify the expression
by substitution of this variable and its differential in the integral. So, if the integrand contains
factor U'(X) then u = u(x) will be a good substitution. A right selection of new variable should
transform the integral to the tabular form.

If substitution is successful, the integral /; could be solved easily. Then we need to
express the results in terms of original variable x.

Example 7.
1+Inx
V1+Inx "= 2 3
J__Qf_dxz e IJ_mLs——+C—7?KLHn@ +C.
x
Example 8.

e j:—:”{ i

:%2Jﬁ+cz x> +1+C.

Example 9.
jsin2xdx: u=1l+cos2x | 1,-2sin2xdx _
1+cos2x |du=-2sin2xdx 27 1+c0s2x
:——I d(1+cos2x) =—= OI—u:——ln\ \+C——1In(1+0052x) C.
1+ cos2x 27U 2
Example 10.
J~xdx N xdx u=x" _EI 2xdx
x* +3 ( )+3 du = 2xdx 2( )+3
Jlpdu 1 arctg— arctg
| Ry A v f

Integral 1(x)= j f (x)dx can be transformed to the tabular type using such

substitution as well:
()= F (k=320 1= [ 1 (o) dt= [omat=1,0). )
Here ¢t = y(x) is a function inverse to x = (¢) and I(x) = I,[ y(x)].



We can verify the result by differentiation (¢'(¢) # 0):

(] f (x)dx)X' = f(x) and ([ [¢(t)]¢'(t)dt)x' =([ 1 [¢(t)]¢'(t)dt)t' .j_)t(:

1 1
= f(¢5(t))¢(t)-dxlOIt = f(¢(t))¢(t)-¢,(t) = f(g(1) = T(x).
Example 11.
J- xdx :{x:tz—l, t=+/x+1 }:I(tz—l)-tht:
*/X-l-l dx =2t dt t

=2(t? —1)dt—2(It2dt—Jdt)—2(§—tJ+C :%./(x+1)3 ~2/x+1+C.

Example 12.
J' dx _ x:t?’, [:% _J‘3'[2dt_3J~(t2+l)_ldt_
10302 |dx=3t%dt | J1+¢2 7 241

:3!(1_

t21 1jdt:3Udt—j at j:Bt—SarctgHC:3§/§—3arctg§/§+c
+

t?+1
Individual Task 2
Variant 1
1 J- sin x ¢ Sin2x
S x(Inx +2) (1+ cosx) *1-cos2x
X dx jarctg 22x dx 1 dx
5— x* 1+4x I x(2Inx+1)
[ oin 2 x/5 N 3
| xsinx dx J.lez—x/sdx x( /3—x2) dx
—2e
Variant 2
. 1 i cos_x . %/tg_x dx
" xJInx+5 * (7 +sinx) J cos? x
[ %3/ x2 + 4dx - arctg°x q _r
J X 2
J 14 %2 " X(In® x+4)
¥ 2 X . i
| thx dx e dx arCS|nXdX
1—e* 1-x?




Variant 3

-JInx+3 _ _COSX J/CtgX
N2 ———dX
) X dx 4 2 -=sinx sin? x ax
X dx - Jarctgx d 1
Ix%+2 J1+x? " xvIn?x+4
tgx2d x - arcsin®
Xctgx e _dx aresinx
Y447 * 1= x2
Variant 4
cos(Inx) dx j COS X 2 + ctgx dx
X V1-sin®x sinx
x* dx I«/arctg X +
3340 14 %2 X(In* x+4)

Ixcos x2dx _[ e Jarcsin x d
4> V1-x2
Variant 5
3 i ¢ Si
.,/|nx+1dx sin X _dx sin2x dx
J X * (1+cosx) Y J1+ cos2x
3
X dx Yarctg2x ;zdx
"5+ x! 7 1+4x2 " x(2Inx+1)
i X .
x2sin x3dx € _dx x(\/3+ xz)dx
: 71+ 2e
Variant 6
sin(inx) 2. [cosxsin® xdx r dx
X J Jtgx cos? x
3% + ddx s ,[ dx -In2x+4dx
y 1+ x?)arctg>x X
[ xctgx2dx q _[ e i -arcsin4xdx
- Y16+ N/
Variant 7
dx C0S3X tg2x
—_—dX 3. g
x(2Inx +3)° J.«/2+3Sin3X sin? de




dx

NJInx+4

3
X
4, | ——=dx 5. 6. dx
‘[3/2x4 1 I(1+ x?)arctgx -[ X
7. [ xctgx’dx 8. [e*(4+3e") 0 dx
arcsin xy/1— x2
Variant 8
| Ilnsxdx | sin X dx 3 -«xgx+4)2dx
' X * J1+ cos? x ' sin? x
4. jxgcosx4dx 5 -w/anxgxdx 6. 1 y
BRI Y x(In? x + 4)
7 (Lainly e* -Jarcsin x
: 5 SIN—0X 8. | ——=0dx 9. | —0dXx
X X o 9 _ e2X b ,1_ X2
Variant 9
-In” x COS 2X . QX
2. 3.
L X ax J‘(7—|-3Sin 2X)2 ’ COSZXdX
A 2 6 . dx
X arctg®x
4, | ——dx 5. dx 6.
I 24253 J 1+ x° ” arcsin xy1— x°
. X .
. xdx4 o I e i 9. xdx2
4+ X Jg:i? “5-x
Variant 10
A 2 L7 tgx
L (2—fiy1x) dx 2. Icosxsn1 xdx 3. Csszxdx
4. [xsin(2x® +1)dx 5 I dx 6. Iexcosexdx
) (1+ x?)arctgx
7. .lcosdnx)dx 8. I——jil——dx 9 jEﬂEﬂﬂiﬁdx
"X J7+e% J1-x2
Variant 11
3 sin x 2
L J-(2Inx+3) dx 2. Icosx5 dx 3. J-ctg X d
X

sin? x




—dX
Y (8—c0s2x)

3o _ 4 arcctgx
4. jx sin(2—x")dx e : dx 6. j\/lnx+4dx
1+ x9) X
j x*tgx°dx (4 + ctgx)? arccos” x
sin“ x /1—x2
Variant 12
- sin2x ./
1. ] %dx de
1+3cos2x ) sin?x
3 4 arctgx
jx tgx " dx - 387 - 1
dx —— X
Y14 %2 * xv1-In?x
P X arccos X
—cosidx | e cose dx -5 dx
1—x?
Variant 13
COS3X . otox ]
* (2+Sin3X)3 J COSZX X
) ’arctgsx N 7arcsinx
~———dx dx
b1+ %2 ' \/1—x2
. X xdx
dx | >
1 m 25— X
Variant 14
sin 2x 3

. jsin 2xe%2Xdx

. ) 2 1
arctg-x dx I - dx
[ x cos x%dx e dx 9. J'x2 3— x3dx
J 4_ e2X
Variant 15
1 _Cosx .o 5 (5%
NJ2Inx+9 (2—sinx)3 "~ Jcos? x X




4. jx X° +4 s »\/arctg X 4 6. I|n4xdx
1+ %2 X
2
7. _[xctgx dx g .[ e* dx 9. J~arcsm x
1+ 2e% \1- X2
Variant 16
-J2Inx -1 ¢ COSSX 3tgx
N AT 2. | ——dx
1. | y dx ] m 3. COSZXdX
. 1
4. [——2—dx 5 '7amgxdx 6. ! dx
" 35x2 42 Y14 X2 x\9—In? x
) 2 X A 4
7. XCc0s(3x° — 2)dx 2. e _d 9. arccos X dx
“16+e X 1_X2
Variant 17
. In® ¢ COS6X 7
1 In de 7 i dx 3. I«/4jtizctgx dx
X " \J1-sin“6x sSin“ X
5 / 5 1
X +9 J 1+ x X(n X+9)
7. .'x4cosx5dx g e* d o I\/arcsin3xdx
Variant 18
8 i . i
8/5Inx+7 sin X sin4x
NORAT L 2. | ——— 3. | ———dx
L] X dx ) (1+2cosx)° ) J4+cos4dx
- X° - 3larctgx 6 1 q
4, | ——dx 5. dx S R
I [ 158 Jo14 X2 " X(2Inx+1)
* 3-x* X _ Ctgx
7S dx 8. [ 9. [ dx
—2e 7sin” x
Variant 19
cos(2+5Inx 3 ysi tgx
L J ( )dx 2. jcos xsin xdx N J 5%

X

cos? x




4. Jxe2x2+1dx 5 J- dx 6. J e dx

@+ xz)arctg“x cos? e*
" .
7. jésmdn@dx 3. y—ii——dx 9. Iammn;dx
Variant 20
. 3 sin x A 2
L (2-3Inx) dx 2. Icos X6~ " dx 3. c_tgzxdx
’ X 7 sin“ x
[ 3 i 4 arctgx
: —3x7)d g o/
4 _><an6 x™)dx 5 e —dx 6. 7Inx+4dX
1+ x9) . X
[ 2 6
7. Xtg (2 + x°)dx 2. J-(1+tgx) g [arccos’X .
COS” X Y J1— %2

§ 3. Integration of Quadratic Form in Denominator

Let us consider four types of integraIS'

%’ Iz—j .[% IA)+e

I, = x; y=
where X = ax? + bx + c.
Integrals /; and I, are simplified to standard integrals (13-16 from the table of

fundamental standard integrals) by completing the square. To complete the square, we can
2

simply add and subtract term % :
a

( , b cj K bjz c bz}
X=a| X“+—X+—|=a|| X+— +t———
a a 2a a 4a

Example 1.
dx dx dx

| = _ _ _
I\/x2—12x+11 I\/x2—12x+36—36+11 I\/(x—6)2—25

=In

(x—6)+\/(x—6)2—25‘+C

For integrals /3, I, firstly we should create the differential of X in numerator:



du= (2ax + b)dx

_A gax+b dx+(B—Abjj dx _
2aY ax“ +bx+c

A
Ax+ B u=ax+bx+c —( )+
o= [ B gy _[2a

d(ax2+bx+c) 1

A Ab dx
el 2 B- .
ZaI ax’ +bx+c¢ a( Zajj( szJ{c b? ]

: . cdu . : : : : :
The first integral type is I— (integrand is a fraction whose numerator is the differential
u

coefficient of the denominator), the second integral simplified to standard integrals (13-14)
2

depending on the sign of the expression ¢ " Similarly, integral /4 simplified to standard
a a

integrals (15-16).

Example 2.
1 12
—_[ X dx u=4x%-12x+1 8(8X 12) 8dx—
Jax? —12x+1  |du=(8x-12)dx| I fax? —12x+1
L 812 3, _l.du.3 d(x-3/2)
8 Jax?—12x41 227 |2 4 1 8 Ju 4 (x-3/2)* -
4

Both integrals are simplified to the tabular form. The first term corresponds to the
formula (2a) and the second to (16) (substitution u = x — 3/2, a* = 2), given in the table of
Fundamental Standard Integrals.

Therefore,

y .
1 3 3 3
l==2Jdu+—=In|XxX—=+ (| X—=| =2
8 \/_ 4 2 \/( 2)

—
L Siox+ 3n|x-2 4 [ x=3] -2
4 4 2 2

+C =

+C.




Individual Task 3

Variant 1
dx - dx e (2x=D)dx
7 X% —3x+5 " x?-3x+5 " x*—3x+5
(3% + 2)dx o dx dx
Y X2 -3x+5 Y 1+ 6% — x2 ' 3x% —x+5
- (83X +2)dx - (7Tx—2)dx - xdx
7 3x* -3x+5 " \2x? -3x+5 "X +4x-5
Variant 2
dx . dx e (2x+ 7)dx
X% +3x+1 X2 +3x+1 X2 +3x+1
- (5x + 2)dx - dx dx
J 32 3w 41 Tt ax—x2 Y 2x% +x+1
e (X+2)dx e (x—=2)dx (x +3)dx
J3x% +3x+1 T N2x% +3x+1 T Ix2 +12x+11
Variant 3
dx . dx ¢ (2x+5)dx
I X% +4x+1 X2+ 4x+1 TNXP +4x+1
- (5x + 2)dx - dx dx
2 ax 41 T ax—x2 JoxZ 4 x+1
e (x+2)dx e (X+2)dx e (x=3)dx
J2x% +4x +1 T N2x? + 4x+1 T x% +6x+11
Variant 4
dx . dx e (2x+1)dx
I X%+ 6x+1 TX2+6x+1 T X2 +6x+1
- (x+ 2)dx - dx dx
I X% +6x+1 Y1+ ax— X2 Y 2x% +x+1
¢ (x+1)dx e (X+2)dx e (x—3)dx
7 2x% +3x+1 " N2x2 +3x+1 " X% +8x+1




Variant 5

dx - dx c (2x+1)dx
7 X% +8x+1 T x% +8x+1 T X% +8x+1
xdx - dx dx
I x% +8x+1 Y24 ax—x2 2x2 +2x+1
- (X+9)dx ¢ (x+2)dx (x+3)dx
7 2x% +2x+1 " \5x%+3x -1 X2 +2x -1
Variant 6
dx — dx c (2x+1)dx
—_— 3.
7 X2 +2x+5 X2 +2x+5 "\X%+2x+5
xdx - dx 6 dx
X% +2x+5 Y2 —ax—x2 I 2XP X+ 2
- (x—1)dx (x+2)dx 9 (x+3)dx
2 x+2 T \3x2 4 x -2 3K X2
Variant 7
dx — dx (2x —1)dx
B 3.
7 x° +4x-9 "NX%+4x-9 X2 +4x—9
- ZXZX 9 -.1/ = 2 N 22d)&; 1
X" +4xX— 7+2X =X X" +oX—
¢ (x—=1)dx e (x+21)dx o [ (3x+ 4)dx
Y 2x% +5x-1 X +Tx-2 G 7x-2
Variant 8
dx dx - (2x-1)dx
I x%*—2x-5 X2 —2x-5 " x?-2x-5
xdx i dx dx
I x? —2x-5 P14 2x—x? ) 2x% —5x—1
- (x—1)dx e (x+1)dx e (3x+2)dx
I 2x% —bx -1 X2 +3x+4 " X2 +3x+4
Variant 9
dx dx (2x —1)dx
. | —— —_—_— Y
‘[XZ—ZX—l J‘»\/xz—ZX—l J-\/x2—2x—1




dx

xdx dx
* Ix2—2x—1 > Im N J‘2x2—x—1
7 ,[ (xz—l)dx g J- (x+1)dx 9. J-(3x+2)dx
Variant 10
L : dx 3 dx 3 (2x —1)dx
" X" -2x-4 X2 —2x—4 X2 —2x—4
n xdx s dx 6. [ dx
I x?-2x-4 I 8- ax — x2 I X2 —2x+7
7 (x =1)dx g [ (x+1)dx o [ (3x+ 2)dx
T 2x% - 2x+7 "2 x40 X2 +X+9
Variant 11
L dx 5 dx 3 [ (4x —1)dx
x*-2x-3 X2 —2x—3 "X -2x-3
n xdx s [ dx 6. dx
Ix2_2x-3 T 1-6x—x? Jax? —2x+1
. (x=1)dx g [ (x+1)dx o [ (x—2)dx
Vo Tox Y oaxs2 NS
Variant 12
L dx s dx 3 [ (6x —1)dx
1@ “2x+5 Y7 2225 Y7 2515
n xdx s [ dx 6. dx
I X2 —2x+5 T J7-2x—x2 J3x? —2x+1
7 (x=1)dx g [ (x+21)dx o [ (x—2)dx
3¢ ok N N
Variant 13
L : dx s dx 3 [ (6x —1)dx
YT N SR Y5 —ax12
N xdx s dx 6. dx
I X% —2x+12 Y- 2x—x2 22 —x+4
7 (x —1)dx g [ (x+2)dx 9. (x—2)dx
T 2x% —x+4 T Jox? +x+2 Ix% + X+ 2




Variant 14

dx - dx e (6x—-1)dx
X%+ 2x+12 X2 +2x+12 TXP+2x+12
xdx - dx dx
I X% +2x+12 Y6+ 2x—x2 Y 2x% -3x—4
(x=1)dx e (x+1)dx ¢ (x—2)dx
7 2x% -3x-4 T NOXZ —X+2 " OXP—x+2

Variant 15
dx - dx - (6x—-1)dx
T x%-2x+11 X% -2x+11 X% -2x+11
xdx - dx dx
I x2_2x+11 Y1+ ax—x2 2x2 —x—4
- (3x—1)dx e (5x+1)dx (x—2)dx
7 2x% —x—4 " Jox?—x+3 9x* —x+3
Variant 16
dx — dx e (6x—=1)dx
Ve “ax10 Y5 om0 Y7 —ax+10
xdx dx dx
I x% —2x+10 94+ 2x — x2 2x% —2x—-3
- (3x—1)dx c (5x+1)dx (x—2)dx
Jox?—2x-3 T2 —x+8 T2 —x+8
Variant 17
dx - dx (2x —1)dx
1% “axi1 N S Nl
- (3x+ 2)dx - dx - dx
I x% —3x+1 T ix-x2 ) 3x%* —2x+5
¢ (3x+2)dx e (x—2)dx - xdx
1 3x% —2x+5 " J2x? —3x+5 " Jx2+6x-5
Variant 18
dx dx . J- (2x =1)dx
X? —Xx+1 X2 —x+1 O —x+1




I(X + 2)dx 5 J- dx I dx
X2 —x+1 J5ix—x2 2x% —2X+5
7 J (3x+ 2)dx g J- (x—2)dx J- xdx
—2X+5 Vx?=3x+5 V4x* +6x -5
Variant 19

L : dx s | dx e (2x-1)dx

" X" —=2x+3 X2 -2x+3 " X2 —2x+3
4 | (x+2)dx s [ dx dx

I X% —2x+3 5o x—x2 J2x% —4x+1
7 (3x+ 2)dx g [ (x —2)dx - xdx

7 2x% —4x+1 - Jax? —3x+5 " \J9x? +6x -5

Variant 20

L : dx ) dx e (2x=Ddx

° X" —6x+3 T x% —6x+3 "X —6x+3
4 | (X + 2)dx s [ dx dx

I x2—6x+3 S e x—ax? I 2x%? —8x+5
7 (32x+2)dx g (x—2)dx xdx

7 2x* —8x+5 ?\16x2 —3x+5 " \Jox? + 6x+5

§ 4. Integration of Some Trigonometric Functions

4.1. Let us consider integral of the type:

Jsinm xcos" xdx. (10)

a) If at least one of the parameters m or n is odd positive number then integration is
reduced to search a primitive of power function.

Indeed, if m=2k+ 1, k € N, then sin” x can be transformed into a product of

sin™ ™ x-sinx, where (m — 1 = 2k) is an even positive number. The first factor (sin™ ™ x) should
be transformed into cos function, using sin*x=1—cos?x. The second one will be the part of the
differential du while substitution u = cos x:

_[sinz"*lxcos” X dx = Jsinz" xcos” xsin xdx =

- —j(l—cos2 x)¥ cos' xd (cosx) = {u=cosx} =—I(l—u2)k u"du.

Now, open the brackets and we get the k+1 terms of standard forms.



Example 1.

Ji’/sin X COS® X dX = j‘\3/sin x cos* xcos x dx =
:I\?’/sin x(l—sin2 x)2 d(sinx)={u=sinx} :‘[u%(l—uz)2 du =

4/3 103 ,16/3

:j(u]/3—2u7/3+u13/3)du:u o4 +C=
43 “10/3 16/3

:%%/sin“ X —§§/sin1° X +%\3/sin16 x+C.

b) If both powers m and n are even positive numbers (one of which may be zero),
the integral can be simplified using formulas

sina :%(1—00320:),
C082a=%(1+0082a), (11)

) 1.
SiINaCoSax = Esm 20.

Example 2.
| = Isin2 xcos”* xdx = jsin2 xc0s? xcos? xdx =

- _[lsinz 2x-1(1+ cos 2x ) dx :1'[sin2 2xdx+ljsin22xc032xdx.
4 2 8 8

The first integral could be simplified using formulas (11) one more time. The
second one is the integral of the type a). So,

I =E-EJ.(1—cos4x)dx+1-ljsinZZXd(sin 2x)=i(x—lsin4x]+isin32x+c.
8 2 8 2 16 4 48

4.2. Now, let us consider integral of the type:

jtgmx-sec”xdx, '[ctgmx-cosec“xdx. (12)

If the index 7 1s an even positive number, then for any value of m we could use the
trigonometric relations:
1 +tg’x=sec’x, 1+ ctg’x = cosec*x, (13)

> =sec” xdx or du = ——— =—cosec’xdx.
cos® X sin? x

Let u=tgx or u=ctgx, then du =

Example 3.

2
Jsec Xd :Jsec Xseczxdx J1+tg X tgx :{ :tgx}:

Jigx Jigr

5/2
:_[\d/_+'[u3/2du_2\/_+7+c 2 tgx+ tg°x +C.

-.-1+u



4.3. Integrals of the product of sine and cosine functions in the 1st power.

Isin mxcosnxdx, jsin mxsin nxdx, Icosmxcosnxdx . (14)

Such products could be transformed into sum using formulas:

sinacos 8 :%[sin(a - B)+sin(a +B)],
sinasinﬂ=%[cos(a—ﬂ)—cos(a+,6’)], (15)

COSa COS = %[cos(a —B)+cos(a+B)].

Example 4.
jsin 7xsin3xdx = %j(cos4x —c0s10x)dx = 2—2[0054xd (4x)-

—choslox d (10x) = 1sin Ax —isinlox +C.
2-10 8 20

Individual Task 4

Variant 1

sin? xcos® x dx

sin® xcos? x dx

sin® x cos® x dx

sin? xcos? x dx

-sec? x
) tg3x

dx

- ctg*x
dsin? x

4
dx

[sin5xsin 3xdx

[ cos5xsin 3x dx

cos5xcos3xdx

Variant 2

sin® xcos? x dx

sin® x cos® x dx

sin’ xcos® x dx

sin* xcos? x dx - Jtgxdx - ctg®x i
) cos® x Jsin® x
sin6xsin 3xdx COoS7xsin3xdx Cc0s5xcos2xdx

Variant 3

sin’ xcos* xdx

sin® xcos® x dx

sin’ xcos®® x dx

I :jsinzxcos“xdx dx  Ctgx
I cos® x Jsin x
i Jsin3xsin 2xdx [ cos7xsin5x dx [ cos xcos7xdx




Variant 4

sin® x cos® x dx

sin® xcos® x dx

sin® xcos® x dx

[ cin?2 2 d [r—
sin“ xcos” xdx X » +/CLOX
¥ COS” X I sin x
[sin 7xsin 2x dx [ cos 2xsin5xdx [ cos xcos2xdx

Variant 5

sin xcos® x dx

sin® x cos® x dx

sin® xcos® x dx

sin® x dx tgxdx dx
J COS4 X s CthSin4 X
sin xsin 2xdx COS Xsin5xdx cos4xcos2xdx

Variant 6

sin’ xcos? xdx

sin® xcos® x dx

sin®® xcos® x dx

[ cos* xdx tgxdx dx
J C052 X b Cth Sin4 X
[sin8xsin 2x dx [ cos5xsin2xdx [ cos4xcos6x dx

Variant 7

sin® xcos? x dx

sin? xcos’ x dx

sin®® xcos x dx

[ cos? xdx dx dx
I tgx cos® x J Jetgx sin® x
[sin 2xsin 2x dx [ cos5xsin 3xdx [ cos4xcos2xdx

Variant 8

sin® xcos? x dx

sin® xcos® x dx

sin x cos® x dx

sin2 x dx °t92XdX . «3,Ct92XdX
? cos? x J" sin2x
[sin 7xsin 2x dx [ cos5xsin x dx [ cos xcos2xdx

Variant 9

sin’ xcos? xdx

sin® xcos® x dx

sin® xcos® x dx

cos* xsin? x dx

- %/tg_zxdx

cos* x

- 3ctg 2xdx

sin® x

sin xsin 2xdx

cos xsin4xdx

COS7XxCc0os2xdx




Variant 10

[sin® x cos* x dx [sin® xcos® x dx 3. [sin®® xcos® x dx
([ 2 i 4
cos® xsin* xdx -tg*xdx -3/ctg*xdx
¢ 4 6. _g—4
7 cos™ x Y sin®x
[ sin3xsin xdx [ cos7xsin4xdx 9. [cos8xcos2xdx
Variant 11
(-3 2 - 2 5 " - 3
sin® xcos“ xdx sin“ xcos” xdx 3. |sinxcos® xdx
—
sin” xdx -3t *xdx -3/ctg®xdx
) g 4 6 -g4
7 cos” x Y sin®x
[ sin3xsin3xdx [ cos 2xsin4xdx 9. [ cos3xcos5xdx
Variant 12
[sin® x cos® x dx [sin® xcos? x dx 3. [sin®xcos’ xdx
(i 4 4 4
sin”™ xdx ~Sec” X - Ctg X
- dx 6. [S2 2dx
tgx Jsin” x
[sin5xsin13xdx [ cos5xsin 2x dx 9. [ cos5xcos10x dx
Variant 13
[sin® x cos? x dx [sin®* x cos® x dx 3. Isin7x00531xdx
- 6
sin® xdx toxdx «/Ct X
/ 94 6. .f - ? dx
7 cos™ x sin” x
[sin16xsin3xdx [ cos 7xsin xdx 0. fCOSSXCOSlZXdX
Variant 14
[sin® xcos™ x dx [sin® x cos® x dx 3. [sin®xcos® xdx
(4
cos” xdx dx < 5lctg 2x
] I cos® x 6. %dx
7 sin®x
[sin3xsin12xdx [ cos xsin5x dx 9. [cosxcos4xdx




Variant 15

1. [sin®xcos® xdx [sin® xcos® x dx 3. [sin®xcos®® x dx
4. [sin?xcos® xdx -tg”xdx 6 dx
) cos? x Y ctg*xsin’ x
7. [sin7xsin3xdx [ cos 2xsin6xdx 9. [cos7xcos2xdx
Variant 16
1. [sin®xcos® xdx [sin® xcos® x dx 3. [sin®xcos’ xdx
4. [cos*xdx dx 6 dx
I tg®xcos® x I ctg®xsin® x
7. [sin xsin12xdx [ cos5xsin5x dx 9. [ cos4xcos8xdx
Variant 17
1. [sin®xcos®* xdx [sin® x cos x dx 3. [sinxcos™ xdx
4. [cos?xdx tgxdx 6 dx
J COS4X * Cth sin4 X
7. [sin 4xsin 2x dx [ cos3xsin 2xdx 9. [ cos4xcos2xdx
Variant 18
1. [sin®xcos® xdx [sin® xcos® x dx 3. [sin® xcos xdx
4. [cos?xsin? xdx dx 6 dx
’ tgxcos® x J Jetgxsin? x
7. [sin2xsin12xdx [ cos5xsin xdx 9. [cos4xcos2xdx
Variant 19
1. [sin®xcos® xdx [sin® x cos® x dx 3. [sin® xcos® xdx
4. [sin?xdx - tg 2 xdx - 3ctg ?xdx
. - 6. [ 22
Y COS X J sin” x
7. [sinxsin2xdx [ cos5xsin 4xdx 9. [cos7xcos2xdx
Variant 20
1. Isin‘?xcos“xdx . Isin8xcos3xdx 3. Isinlgxcos3xdx




4. |[cos*xdx 5 ctg 2 xdx
I 5 J- tg°xdx 6. J‘ 9
COS X sm X
7. Jsingxsin2xdx 8. Ic055x3|n4xdx 0. jcos?xcosxdx

§ 5. Integration by Parts: Product of Two Functions

Let u = u(x) and v = v(x) are continuous and differentiable functions. Directly from the
product rule for differentiation (uv) "= uv+uv’ follows: uv’= (uv)" — u’.
Now we integrate this equation:

.[uv’dx:uv—J'vu’dx.

As we remember u'dx = du, v'dx = dv. Hence the formula of integration by parts is

Iudv:uv—jvdu. (16)
Example 1.
du = dx
u=x
Ixcostdx= 1 . =
dv = cos 2xdx v=jc052xdx :Esm 2X

:zsin 2x—l.|.sin2xdx=zsin 2x+£cost+C )
2 2 2 4

In some cases the formula (8) should be used again several times.

Example 2.

J-xzexdx:{dvi:e_xxdx v:J‘e—xdx:_ _

u=x
= —x%e 4 2j xe Y dx = {

2 du = 2xdx }

du = dx ,
dv=e"dx V=Iexdx:_ex}:_x e’ +
+2(—Xe_x +J.e_x dx):_xZe—x +2(_xe_x _e_x>+C=—(x2 +2x+2)e—x e

Integration by Parts formula (16) could be helpful even for cases with no simplification.
For example:

Example 3.
X
| =[x +a? dx= u=heva? [N
dv =dx B -
V—jdx—x

=xvx?+a? -

2 2 2
(x +a )—a
dx = xy/x? +a’ —j dx = xy/x> +a’ —

Frors N



,[ X% +a®

dx+azj o
Jx? +a® Jx? +a®
We can write | = xy/x? +a% — 1 +a2In‘x+\/x2+a2

21 = xyx% +a% +a’ln

X+ X% +a?

= xv/x2 + a2 —J\/x2 +a’dx+a’ln

X+x?+a’

or

Hence
I :I\/xz +a° dx:%[x\/x2 +a? +312In‘x+\/x2 +a? }+C.
Individual Task 5
Variant 1
'(x+2)sin 2xdx 2. [arcsin2xdx 3. [Inxdx
_.(2x—5)e2"dx 5. Xz dx 6. .'cos x e2*dx
’ cos® X
[ (2x? - 5) cos xdx 8. [ xarctgx dx 9. [In? xdx
Variant 2
'(2—x)sin3xdx 2. [arccos2xdx 3. [xInxdx
_'(3x+5)e3X dx 5. [— Xz dx 6. .'sin 3xe?*dx
Y sin® x
[ (x? — x)cos xdx 8. [arctgxdx 9. {sin(In x)dx
Variant 3
[ (3—2x)sin xdx 2. jarccosSxdx 3 [
J cos® x
[ (3% +1)e > dx 5. Jln(2x+3)dx 6. [sinxe >dx
. [(3x% =1)cos2xdx 8. Ixarctgxdx 9. [cos(Inx)dx
Variant 4
[ xsin(2x —1) dx 2. .[xarccosxdx 3. I’/XZ +1dx
[ (x +1)e> dx 5. j In(L— 2x) dx 6. j cos5xe dx
. [ (x? +1) cos3x dx 8. Jarcthxdx 9. Isin(anx)dx

(17)



Variant 5

1. [(-2x)sin3xdx 2. Ixarcsinxdx 3 [_X
I cos® x
4. [(7x +1)e* dx 5. [In(4—3x)dx 6. [ cosxe ?*dx
7. :(5—x2)cosxdx 8. jarccthxdx 9. .cos(lng)dx
Variant 6
1. [(2—x)sin2xdx 2. jarcsin4xdx 3. [x%Inxdx
4. _'(3x—5)e2"dx 5_J' >§ dx 6. .'0035xexdx
cos” 3Xx
7. [ x?cos2xdx 8. jarctgxdx 9. [In? xdx
Variant 7
1. [(x+3)sin xdx 2. J'arccosxdx 3. [/xInxdx
4, _'(x+5)e‘3xdx 5_J‘ _ >2< dx 6. .'sin xe 2*dx
sin“ 2x
7. [ (4= x?)cos2xdx 8. Ixarctgxdx 9. [sin(In9x)dx
Variant 8
1. [(3-2x)cos xdx 2. [ xarccos2xdx 3 dx
J cos® 2x
4. [(x+De > dx 5. {In(2 - x)dx 6. [sin5xe™"*dx
7. [ x?cos5xdx 8. [arctg2xdx 9. [cos(In x?)dx
Variant 9
1. [xcos(2x —1) dx 2. [arccos5xdx 3_I X2 + Adx
4. [(x+2)e> dx 5. [(1-2x)In(L—2x)dx 6. jsin3xe—de
7. [ (% +1)sin3xdx 8. [ xarcctgx dx 9. '[In\/;dx
Variant 10
1. I(l—2x)cosSxdx 2. [arcsin/x dx 3. [Inv/2x +1dx

D

. j'(7 — x)e™ dx

5. [ x3Inxdx

6. [cosaxe?dx

\‘

. I(S— x2)sin x dx

8. [ arctg5xdx

9. [sin(In5x)dx




Variant 11

1. '(2+x)cosxdx 2. [ xarcsin xdx 3. [/xInxdx
. 5y ) 5x
4, | (x—5)e”" dx 5. X2 dx 6. Jcosxe dx
° COS“ X
7. [ (x—x?)cos2xdx 8. |arctgxdx 9. {cos(Inx %)dx
Variant 12
1. [(3x+7)sin2xdx 2. [arccos8xdx 3. [sin6xe ™ dx
- —~ :
4 J(5=x)e "dx 5. (X gx 6. [
° X * c0S° X
7. [(@-3x?)sin2xdx 8. [ x5*dx 9. [sin(In x ?)dx
Variant 13
1. '(3—2x)sinxdx 2. _[xarcsiandx 3. [#xInxdx

4. [ (3x +1)e™** dx 5. jx“lnxdx 6. [cosxe"dx

7. :(4—x2)cosxdx 8. jarcthxdx 9. [/x2 +1dx
Variant 14

1. I(x+4)cos(3x—l)dx 2. [ xarccos xdx 3. J«/x2+4dx

4. j (4x +1)e> dx 5. [V1-2xIn(Ll-2x)dx |6. j cos3xe dx

7. j(x2+2x)sin3xdx 8. [arcctg4xdx 9. jlni’/;dx

Variant 15

1. [(@-2x)cos7xdx 2. [arccos+/x dx 3. [In</2x + 1dx

4. [(8-3x)e™dx 5. [x%Inxdx 6. [cos3xe™?*dx

7. [ (x = 4x?)sin xdx 8. [ xarctgx dx 9. [sin(5Inx)dx
Variant 16

1. I(Z—x)sinxdx 2. Jxarcsin X dx 3. [In? xdx

4. I(Zx—4)e‘5X3dx 5. | X dx 6. [sin3xe*dx

cos® x ’
7. j'x20033xdx 8. Iarctg?xdx 9. [sin(In x %)dx




Variant 17

1. [(3x+7)cos2xdx 2. [arccos7xdx 3. [3/xInxdx

4. [(5-x)5*dx s [INX 4 6. [sinxe®*dx

7. [3x%sin3xdx 8. [ x%e*dx 9. [cos(In x ?)dx
Variant 18

1. j(3+5x)sin7xdx 2. jxarcsiandx 3. jarccthxdx

4. j (3x +1)7* dx 5. j (2% + 3) In x dx 6. j cos xe™ *dx

2
7. _f(l+4x )c0s 2x dx 8. J'nXZdX 9'_[ X2 dx
X COS“ X

Variant 19

1. I(l—2x)costdx 2. [arcsin/x dx 3. [In? xdx

4. j(4+3x)6‘xdx 5. [x%Inxdx 6. [sin3x3%*dx

7. I(x+4x2)sin3xdx 8. 'xarctgxdx 9. 'sin(lnx)dx
Variant 20

1. j(3x+2)sinxdx 2. jarcsinSxdx 3 .In—xdx

K
4. [(2x+1)e** dx 1 6. [cosx7¥*dx
I( ) 5._[ 53— dX J
cos” X
7. j(2x2—1)cossxdx g | =[xarctgxdx 9. [In?xdx

§6. Integration of fractional rational functions

6.1. Factorization of Rational Function. Every polynomial of n degree, such as
Q,(X)=a, +ax+a,x* +..a,x" can be resolved into a product of factors, each of which is
linear.

Q,(X)=a,(x—)(X—ay)..(Xx—«,), (18)
where ¢; are the real or complex roots of the equation Q,(x) = 0. Complex roots occur in
pairs and are conjugated @ = A + ui, where A and u are real numbers and I is imaginary unit

(i?=-1, i=~-1).



(x=a)(x=a@)=[ x=(A+pi) [ x= (A= i) | =[(x=A) = pai ][ (x = 2)+ pii | =
—(x=A) 4 u? =x2=2ax+ A2 + 12 = X2 + px+q, (p:—Z/l, q:/12+,u2).

Thus, the products of complex conjugate pairs in (1) are the 2nd degree
polynomials with real coefficients. If Q,(x) has m real roots and / pairs of complex roots the

expansion (1) takes the form

Qn(X) =2, (X = @)...(X = )(X* + PyX+Gp)...(X + pyX+ ). (19)
If polynomial has some repeated roots it could be rewritten as
Qu(¥) =2, (x— ) ...(x — g ) (X + pyx+ ). (6 + pyx+0;)7 . (20)

6.2. Partial Fraction Decomposition. Let us consider functions where the
numerator and denominator are polynomials. Such functions are called fractional rational
functions and have the following form:

RO = Pr(X) by +bx+byx? ++--+ by x™
Qu(X) @y +ax+ax® ++ax"

21)

A rational function is called proper if the degree of the numerator is less than the degree
of the denominator, and improper otherwise. Thus, if m < n then R(x) is a proper fractional
rational function; if n <m then R(x) is an improper fraction.

Any improper fraction can be expanded into a sum of a polynomial and a proper fraction
by simple division.

R(X) :Pm—(X): Hm—n(X)_"Gk—(X)a
Qn (X) Qﬂ (X)

where H,,-, i1s a polynomial of n —m degree and Gy (X)/ Qn (X) 1s a proper fraction.

Gy (x)
Qn(x)

There are three cases to consider:
Case 1: if a1, ap,...,0n, are real and unequal roots of the denominator Q,(x) then

The proper fraction

can be represented as a sum of partial proper fractions.

expansion into partial fractions takes on the following form:

A B G
+ oot

n
Case 2: if o 1s repeated root of O,(x) then r-fold linear factor (x — a)r in the denominator
corresponds 7 partial fractions of the form
A A A

X—a (x-a) (x-a)

b

S
Case 3: if X° + px + g has complex roots then factor (x2 + pX + q) corresponds:



M, X+ N; M,x+ N, M X+ Ng
ok X+ (2 2T s’
pX+q (x +px+q) (x +px+q)

where A4, B, G, Ay, Ay, ..., My, Ny, ... are constants to be determined.

Example,
3 2
X" +2X° -6 A A, A B Mx+N, M, x+N
3 2 Zzyl _§+_§+X+1+ 2 11+ 22 o
X (x+1)(x +l) X X X"+ (x +1)
Now we need some method to determine constants Ay, A, ... , M1, Nj.

6.3. How to Determine Coefficients?
Suppose we have partial fraction decomposition:

Pm(X): Al Feeegt M1X+Nl NI (22)

Qu(X¥) (x-e)" (x2+ px+q)Sl
There are several methods for determining the coefficients for each term of (22) and we
will go over each of those in the following examples. The most straightforward method is to
multiply through by the common denominator Q,(x). We then obtain an equation of
polynomials whose left-hand side (LHS) is simply Py (x) and whose right-hand side (RHS) has

coefficients which are linear expressions of the constants 4, 4,, ... , M1, Ny, ...

Since two polynomials are equal if and only if their corresponding coefficients are equal,
we can equate the coefficients of like terms. In this way, a system of linear equations is
obtained which always has a unique solution. This solution can be found using any of the
standard methods of linear algebra.

Example 1.

5x3 —4x% +12x—16 . _ .
" 16 in partial fraction.
X —_

Solution. This fraction is proper. So, the first step is to factor the denominator as
much as possible and get the form of the partial fraction decomposition. Doing this gives:

5x% — 4x% +12x —16 A B  Mx+N
- = + +— :
(x—2)(x+2)(x +4) X—2 X+2 x°+4

Decompose a rational fraction

The next step is to add the right side back up and set numerators equal:
53¢ — 4x2 +12x-16  A(X+2)(X* +4)+B(x=2)(x* +4)+(Mx+N)(x* - 4)
x*-16 - x*-16 '

(23)

Now open the brackets and collect all the like terms together.
5x3 —4x% +12X —16 = AX® + 4AXx + 2Ax? + 8A + Bx® + 4Bx — 2Bx% — 8B +

+Mx3 —4Mx + Nx2 — 4N



Then we will need to set the coefficients of like powers of x equal. This will give a
system of equations that can be solved.

3 _
X |A+B+M =5, From the Ist and 3rd equations: 4 + B =4,

2 _ S
xl 2A-2B+N =4, from the 2nd and 4th: 4 — B=-2.
x| 4A+4B-4M =12, Solving the system:
)CO

8A—8B—-4N=-16. | 4154

A-B=-2

M=1,N=0.

5x3 —4x? +12x-16 1 3 x
> = + +— .

(r=2)(x+2)(x* +4) x-2 x+2 744

} = A=1B=3 so,

Therefore,

Remark. It should be noticed that numerators of (23) must be equal for any x that
we would choose to use. If the denominator of the LHS of (22) has real roots, it is convenient to
substitute these values in the numerators. In such a way we determine some (or all) unknown
coefficients and simplify system solution.

In Example 1, we can substitute x = 2 and x = -2, in numerators of (23) and get

324 =32, A = land -32B = -96, B = 3. Then we should use the standard method described
above.

6.4. Integration of Partial Fractions.
Decomposition of proper rational fraction could consist of four types of fractions:

A : A k(k>1)§ 2AX+B : Ax+B k(k>1)-
X—a (x-a) X"+ pxX+q (x2+px+q)
The integral of the first two fractions are tabulated:
j A dx=Aln|x-a|+C;
X—«a
1-k
_ X —
J'Lkdx:AJ.(x—a) kd(x—a)=A¢+C.
(x—a) 1-k
. : : : B o
The integration technique of function — * was described in Chapter 3.
X+ pX+(q
Integral | = I Ax+B ~dx, where g > p?/4 could be integrated in the same way
(x2 + pX+ q)

(create the differential of denominator in numerator and divide original fraction into two partial
fractions), then for the second fraction we should use the recurrence formula:



dt 1 t

=] = g+ (2k=3)f a

- — | (4
(t2+a2)k a’(2k -2) (t2+a2) (t2+a2)k—1 24)

According to formula (24) power of the denominator is reduced by 1. After k-7 times of
using (24) the integral is simplified to tabular form.

Example 1.
. dx apply the formula (24), B
(x2 +1)3 where k =3, a% =1
1 X dx apply the formula (24), X
~2 2 +3_[ 2 |~ 2 - 2 T
(x2+1) (x2+1) where k=2, a“=1 4(x2+1)

31 X dx ) 3( x
+=.2 = +I > - ~+—| ———+arctgx |+C.
4 2 x“+1 ‘x°+1 4()2+1) 8\ x“+1

Example 2.
Cr2xt -5 - x® +3x-11

- (xz—l)(x—S)

Solution. The integrand is an improper rational fraction (numerator is a polynomial of

dx.

4th power, denominator has the 3rd power).
The first step is to divide numerator by denominator. The result of such division is:

2x* —5x3 —x% +3x-11 4x% —2x 14
3 5 =2X+1+— 5 =.
X" —3X°—X+3 X7 —3X°—XxX+3
At the second step we need to factorize the denominator:
2
PV 4x° -2x-14

(x-1)(x+1)(x-3)
At the next step we should decompose proper fraction into simple fractions:
4x*-2x-14 4 L, B D
(x-1)(x+1)(x-3) x-1 x+1 x-3
Then we need to find the coefficients A, B and D.
A(x+1)(x=3)+B(x-1)(x—3)+D(x-1)(x+1)=4x* - 2x -14.

The denominator of the original fraction has real roots x; = 1, x, = -1, x3 = 3.

So,
x =1 gives us the equality: <44 = —-12, 4 = 3;



x=-1:8B=-8,B=-1;
x=3:8D=16, D=2.
Therefore,

[:I[2x+l+ 3 = ! + 2 }dxzxz+x+3[n‘x—iu—ln‘x+iu+21n‘x—3‘+C=
x-1 x+1 x-3

(x-1(x-3)"
x+1

= x°+x+1In +C.

Example 3.
Find /7= |

xdx
x3—8'
3

Solution. Fraction x/ (x —8) is proper. Factorization of the denominator and partial

fraction decomposition give us:
X X A Bx+D
3 o 2 - T3 :
x> -8 (x—2)(x +2x+4) X=2 x"+2x+4

This gives:
A(x2+2x+4)+(Bx+D)(x—2)=x. (25)

If we substitute x =2 we get 124 =2, A = 1/6.
To find B and D we need to compare coefficients of x*> and x° in LHS and RHS of (25).
This gives a set of linear equations:
A+B=0

= B=-A=-1/6, D=24=1/3.
44-2D=0

1/6 -1/6 1/3 1 1 -2
SO,I:.“‘: / + /x+/:|dX:—J. dx X dx =
x—2 x242x+4

69 x-2 6Jx212x+4
1 1 S(26+2)-3 1 1 ¢ 2x42 1 dx
= —inx—2|-— [ 25 dx =—lnfx =2 - = [ 57—+ - [ —F—=
6 67 x“+2x+4 6 129 x“ +2x+4 2 (x+1) +3

]
23

+1
arctgx—+ C.

V3

= lln|x—2|—iln‘x2 +2x+4‘+
6 12



Individual Task 6

Variant 1

1 JZX“ +2x3 — 41x% + 20dx
' X(X +5)(x — 4)

5 ,[ (2x3 + 2x +1) dx
(= x+)(xFY

3 '[x3+4x2+4x+2
I (x+D)2 (X% + x+1)

(x® + 6x% +15x + 2)dx

e J(x3+1)dx

3 2
6. JX + 6X +13x+9dx

(x* +1) dx
L J(x—1)3(x +3)

2.
I(x3 +6X2 +11x + 6)

(x—2)(x+2)* (x* = x) (x+1)(x+2)°
Variant 2
J-(Sx +1)dx 5 J-(x3+4x2+2x+2)dx 3 IXS_6XZ+14X_4dx
(x* -1 ' (x+1)%(x* +1) Y (x+2)(x-2)°
. I(X +6%2 +13x +8) dx 3x* +3x> —5x° + 2) dx 6 ,[ X3+ x+1
X(x +5)° X(x=1)(x +2) = x+)(x+D)
Variant 3
,[(4)( +2x% —x—3)dx 5 J(x3+6x2+10x+12)dx 3 _[X —6X? +11x — 10 .
X(X—1)(x +1) ' (x=2)(x+2)* O (x=2)3%(x+2)
(x® + X% +1)dx (x® —17)dx 2x° +7x% +7x -1
4. [— j 6. | —— dx
(x> = x+1)(x* +1) —4x+3 (X+2)°(x“+x+1)
Variant 4
(x+4)dx

| _[ (2x+1)dx

(X+D(x-D(x+2)

(x+1)dx (2x% — x +1)dx (x +x+1)dx
4,
J (X* +1)(x* +9) 5| (x—2)2(x% +1) 6. | —81)
Variant 5
dx x2dx (3x+1)dx
L jx5—x2 2 J(X_l)s 'I(x+1)(x—3)(x+2)
(x® +3x% +5x + 7) dx 5 I(3x3+x2+5x+1)dx 6 J‘ dx
(X2 +2) (x* +X) (X2 +2x+10)(x - 2)
Variant 6
(x* +1) dx (x> +1)dx (X+2)dx
. J(x 1)°(x +3) > J(x“—8x2+16) I(>< +16x°)
(x® = 2x) dx 5 dx x*dx
il e (x% +1)° / (x* —2x)° 6 (x* —16)




Variant 7

J(ZX +5)dx 5 j(2x3+4x2+2x—1)dx 3 J(x3+6x2+18x—4)dx
(x> —x-2) %+ 2x+ 2)(x+1)2 ' (x-2)(x+2)*
(x® + 6x? +14x +10x) dx I(ZX —5x° —8x 8)dx | J- (2x% — x +1)dx
(x+1)(x+2)* —4) O x+D)(x%+)
Var1ant8

1.J(ZX3—4)dx

3 2
5 .[(ZX +6X° 4+ 9x +6)dx

(X% + 2% + 2)(x +1)?

3 J-(x3+6x2 +14x + 4) dx
' (x=2)(x+2)3

(x* + X — 6)
(x* = 6x% +11x +10x) dx
(x+2)(x-2)°

5 I (8 —7x)dx

(X=4)(x-2)(x+1)

6 '[ (3x% + 4x* + 6x)dx
P+ 2x+2) (X% +2)

Variant 9

1 J-(x3 —5%? +5x + 23) dx
O (x=D(x+1)(x-5)

2
2.'[ (4x° +3x+4)dx

(x> +D(x* + x+1)

(3 +6x% +11x + 7) dx
(x+1)(x+2)3

(x> +6x% + 4x + 24) dx
(x=2)(x+2)*

2
5 J- (3x° +25)dx

(x* +3x+2)

6 j(2x3+11x2+16x+10xw

(X% +2x + 3)(x + 2)*

Variant 10

. J (2 + 2x% + 3) dx
I (x=D)(x-2)(x-3)

I(SX +6x% +5x—1)dx
(x+1)%(x? + 2)

3 2
3.J~(2X +6X° +5x +4)dx

(x—=2)(x+1)°

4 J—(2x3’+6x2 +7x +1)dx
' (x=1)(x+1)°

5 ,[ (—x° + 25x° +1)dx

(X% +5X)

3 2
G.J(ZX +7X° + 7x+9)dx

(X% + X +1) (X + X+ 2)

Variant 11

1 ,[ (3x% + 2x% +1) dx
x4+ 2)(x—2)(x-1)

.[(X +9x? + 21x) dx

(X +3)%(x? +3)

3 .[(ZX +6x% + 7x) dx

(x=2)(x+1)°

(x* + 6x? +10x +10) dx

(=x° +9x° + 4)dx
5. |

6.I(ZX +4x% + 2 + 2)dx

(x=1)(x +2)* (x% +3x) (X% + X+ 1) (X + x+2)
Variant 12
3
l.j X~ dx j(x +6X2 +8x +8) dx 3 J(ZX +6%2 +5x) dx

(X+D(x+2)(x-1)

(x+2) (x +4)

(x+2)(x+1)°

4 J(ZXS + 6%+ 7x+2)dx
' X(x +1)°3

5 J- (3x° —12x*

—7)dx
(X% + 2X)

6.j (x® + x + 3)dx

(X% + x+1)(x* +1)




Variant 13

1 ,[ (x3 —3x% —12) dx
T (x=H(x-3)(x-2)

3 2
5 ,[(X +5x° +12x + 4) dx

(X +2)%(x? + 4)

3 J(Zx + 6%+ 7X+4)dx

(X+2)(x +1)

(x® —6x° +13x — 8) dx J(ZX —8x® +3)dx 6 ,[ (3 + x +1)dx
x(x—2)3 —2X) (X% + x+1)(x? +1)
Variant 14
(x* —3x* —12) dx , I(ZXB —4x% —16x—12)dx 3 I(sz + X +1) dx
X(X—4)(x-3) (x—1)%(x? + 4x +5) (x+1)x°
(x® —6x% +13x — 7) dx c J- (x° +3x® —1)dx 5 ,[ (2x3 +3%° + 3x + 2)dx
(x+1)(x-2)° (X% +X) (X% + X +1)(x* +1)
Variant 15
1. I(3X3 +9x° +10XJ;2) dx ) _[ (-3x® +13x% —13x +1) dx J- (4x3 + x% + 2) dx
(x=1)(x+1) (x=2)2(x* = x+1) X(X —1)(x — 2)
. J(XS_GXZ +14x+6)dx | J (4x3 + 24%° + 20x — 28)dx . (x° = x3 +1)dx
(x+D(x—2)° (X% + 22X + 2)(x +3)? (x? = X)
Variant 16
.[(BX —2)dx , J(x3+2x2+10x)dx _[(X + X + 2) dx
(x® = x) (x+1)2(x2 X +1) (x+2)x*
" ,[(X — 6x% +10x +i0) dx J (x® —3x% —12)dx 6. ,[ (3x3 + X + 46)dx
(x+1(x-2) X(x=4)(x~2) (x* +9)(x-1)*
Variant 17

1 J-2x4 +2x3 — 41x% + 20dx
' X(X +5)(x — 4)

2 _[ (¢ + 6x2 +10x +12) dx
(x=2)(x+2)*

3. J (3x+1)dx

(x+D(x-3)(x+2)

(x® + 6x2 +13x + 8) dx
x(x +5)3

(2x% = x +1) dx
> I(><—2)2(x2 +1)

5 I x*dx

(x* -16)

Variant 18

L J(2x3+5)o|x

2
2._[ (4x° +3x+4)dx

(x* +1)(x* + x +1)

3. _[(ZX +6%2 + 7x)dx

(x=2)(x+1)*

(x> —=x—-2)
(x® = 6x% +11x +10x) dx
(x+2)(x-2)°

N 3
S.I( X 4+ 25x” +1)dx

(x? +5X)

G.J (x® + X + 3)dx

(X% + x+1)(x? +1)




Variant 19

. (3 —3x% —12)dx 2 J(—3x3+13x2—13x+1)dx 3 J (3x+1)dx
' I(x 4)(x-3)(x—2) (x=2)°(¢* =x+1) I (x+D)(x=3)(x+2)
(x® —6x% +13x — 7) dx (x® —3x% —12)dx (2x? = x +1)dx
5. | 6. |
(x+1)(x-2)° X(X—4)(x-2) (X% + x+1)(x? +1)
Variant 20
X2 +4x% +4x+2 (2x? — x +1)dx (x> +1) dx
L | dx 2. | 3. |
(X+1)%(x? + x+1) (xX* + X +1)(x* +1) (x* —8x% +16)
I (X + x% +1)dx 5. I(Bx3 + X2 +5X +1) dx 5 I (32 + 4x? + 6x)dx
(x2 = x+1)(x% +1) (% +x) 1 2x+2) (%2 + 2)

§ 7. Integrating Some Irrational and Transcendental Functions

In this section the designation R(u,v,...,w) indicates that only rational algebraic
operations, actions of addition, subtraction, multiplication, division, raising to the integer

power, are performed over the wvalues u, v, .., w. For example, a function

f(x):(x+l)/(l+ (2X+1)3J should be classified as type R(x,\/2X+l), and function

f(x) :(ex +1)/(e2x +4) — as type R(ex).
When integrating irrationality, if the integral is not tabular, the problem as a rule is to
rationalize the integrand using suitable substitution. In some cases, it succeeds.

7.1. Integrals of the Type I = jR(x, n| ax+b J dx . (26)
cx +d

Here 7 1s a natural number, a, b, ¢, d - real constants, such as ad # bc.
To rationalize the integrand, we should use the substitution:

ax+b:tn' 27)
cx+d
We solve for dx to give
b—t"d nt"*(ad —bc
ax+b=cxt" +t"d, x=-—+—, dx= ( 5 )dt.
ct"—a (ctn —a)

The integral becomes

. IR( —1"d )nt”_l(ad—bc)dt-

2
ct" —a (ct" — a)



The integrand becomes a rational function of argument ¢. Such integral in general case is
an integral of rational fraction and could be resolved using techniques described in Chapter 6.

Example 1.
2
J‘ xdx B x—l:tz’ x:[2+1 _J.(t +1)2tdt_
1++x—1 dx =2tdt, t =~x—1 1+1¢

3 2
ot zj(tz—t+2—ijdt: t——t—+2t—2|n\t+1\ +C=
t+1 t+1 3 2

:% (x—l)3 —(x—1)+4\/E—4ln(l+\/E)+C

Example 2.
+1 1
—x :tz’ X = >
; Il /x+1d X t7 -1
= _— — ax = =
52 ¥ dr = — 2tdt2, . x+1
(tz—l) x

3
——J( 1t 2udt =—2jt2dt=—3t3+cz—E (“—Xj +C.
(t* —1)° 3 3

Remark. In general case integral of the type:

\/ax +b \/ax +b
jR X, m .
ex+d Vex+d’
: . N ax+b k
could be reduced to rational form using substitution =1t", where k — the least common

cx+d

multiple of m, n, ...
Example 3.

x+1=t6,x=t6—1 J- 6t°dt
3+ 12

X
J‘\/x+1+%/x+1 _{dx:&sdt, t=8x+1|

3 —
:6I’3d’ :6j(t o 1dr=6f(t2 —t+1—tT11jdt=6(§—§+t—ln|t+l|]+cz

t+1 t+1

=2Jx+1—3§/x+1+69/x+1—6|n(1+§/x+1)+c



7.2. Integrals of the Type
]=IR (x,\/bx2+cx+g)dx (b+0). (28)

The integrand has a quadratic form under the square root sign. Completing the square in
quadratic form reduces integral to one of the following types:

a) | R|u, a’ —u® du;

2 )
6).Ru, a” +u” |du; 29)

6) | Rlu, u?> —a® \du.

Rationalization of integrand is possible using the next trigonometric substitutions:
a) u=asint, du=acostdt;

adt
6) u=atgt, du=asec’tdt= :
) : cos’t (30)
g) U=asect = i, du=asecttgtdt = atgtdt .
cost cost

Example 4.

[V3+2x-x* dx= [ {4 (x-1) dx={x—1=2sin,

dx = 2costdt, t =arcsinXT_l} - I\/4—4sin2t .2cost dt :4jcosztdt -

= ZI(1+ cosZt)dt = Z(t +%sin 2tj+C =2t + Zsint-\ll—sinzt +C=

x-1 x—1)°
=2arcsin7+(x—1) 1—(Tj +C.

Example 5.
d |x=v2tg, t:arctg(%) ¢ 2sec’tdt
- e
(2+x ) dx =~/2sec?tdt (2+2fg f)

2
1 }:lj‘sec tdt:%jcostdt:%sint+(?=

:{1+tg2tzsec2 t, sect= 3
cost 29 sec’t



1. X
=—sIn| arctg— |+ C.
2 ( gﬁj

Remark. The next integral also belongs to the type described above.

= j' 31)
(x—a) \/ bx? + cx + g
But in this case, substitution by inversion is more effective.
1
X—o=-. (32)
t

Example 6.

[ dx { ~1=1/t, dx=—dift’ }
(x—1IWx?—2x+2 [1=1/(x-1)

t+\/t2+1‘+C:—ln ! - ! 2+1+C.
x—1 (x—l)

7.3. Tangent Half-angle Substitution.

=—In

I —1/1% dt _[ dt
eI/ +1 Vit +1

Another useful change of variables is the Weierstrass substitution, named after German
mathematician Karl Weierstrass:

(=g (33)
g5

This substitution enables any rational function of the regular trigonometric functions to be
integrated using the methods of partial fractions. The integral of the type

I = jR(Sinx, cos x)dx in the interval (—x, ) could be converted to the integral of rational

algebraic function of argument t. We will use the double-angle formula to replace sinx, cosx,
and the differential dx with rational functions of a variable ¢.
. : 2tg(x/2 2tg(x/2
sin x = 2sin ~cos > = 2tg ~cos? > = 92( 12) _ g(z/ ) _ th,
2 2 2 sec”(x/2) 1+tg°(x/2) 1+t

1-tg?(x/2 _t?
COS X = COS? = —sin? X = cos? —(1 tgzxj gz( / )=1 tz
2 2 2 2) 1+tg?(x/2) 1+t%

2dt

2

X = 2arctgt, dx =

1+t
Therefore,



1-t° 2dt
—, CoOsX=——, dx=

SinX = X = .
1+t 1+t 1+t

(34)

This transforms a trigonometric integral into an algebraic integral, which may be easier to

2
1-1¢ 2dt
integrate: [ = IR[ 2) 5
1422 1422 ) 1+¢
Example 7.
t—tgi sinx = 2
J‘ dx B 2 1+¢2 B
28inx —cosx 1—¢#2 2dt
CoSX = o dx = 3
1+1¢ 1+1¢
2dt
2 d(t+2
:I 1+¢ 2:2J‘2dt :2-" (2)_11t+2x/_ C—
4 1t | (t+2)° =5 V5
1+£2  1+¢2
| tg§+2—\/§
=—In 2 +C.

V5 tg;+2+\/§

The integral of type [ = IR(Sinz X, cos? X, l‘gx)dx could be transforms to rational

algebraic form using the next substitution:

! =1g9x. (35)
2 2
: tg°x tg°x
In this case S|n2x:tg2xc032x: 9 5 = g 5 (36)
sec”x 1+tg°x
P 1 1
cos” x = 7= , X =arctgt .
secx 1+1tg”x
Therefore
2
t 1 dt
tgx =t, sin’ x = R cos® x = 5 dx = 3 (37)
I+¢ I+¢ I+¢

The integral takes the following form:

2
| = J' R 2 w at__ J' Ry(t)dt, where Ri(¢) — is rational function of argument ¢.
1+t 1+t )1+t



Example 8.

d t dt
j—xzz t =1gx, sin® x = R dx = 5=
2—sin” x

1+¢ 1+1¢
dt
1+ 2 dt 1 t 1 (tgx)
= = = arctg—+C = arct +C.
fz_ R P T R R A L W
1+¢°

7.4. Integrals of the type [ = j R (ex )dx

Substitution

t=e (38)
. . . . . (t)
leads to the integration of rational algebraic function ——=.

Indeed, t = e*, x = Int, dx= % and [ = J.R(t)ﬂ

Example 9.

e dx dt > dt t*
Bt R P e

e +1 t 2 +1 ¢ t°+1
(¢2+1)-1 i

:IZ—dt:j(l— > )dt:t—arctgt+C:ex—arctg(ex)+C,
- +1 t“+1
Individual Task 7
Variant 1

(2x+ 3)dx Z_J‘ [4 — x2dx 3'I dx

1.
-[\/2x—1—<‘/2x+3 3sin? x — 4cos? x

4 J— dx I(cosx—sinx)dx 6 IZe2X+7eX dx
(X 2K+ 2%+ 2 (1+sinx)® e e -2
Variant 2
1. j(l X)dx 2. [x\Jo—xdx . Jsinzxdx
XA/3X + 2 " J1+4cos? x
(x =1)dx cos xdx 2 de
4, 5. - . X
j (X + D)X +1 J (1-sinx)(1+cosx) I (e* —2)(e* -23)




Variant 3

[EEN

I(\/1+ X — 31+ x)dx

|

dx

J' dx
" J 2sin? x +9cos? x

JL+x+4 V9 + x*
— 2X X
4'I (x—1)dx ,[ COos xdx .jse +2e 3dx

Xy 2x% —2x -1

(1—sin X + cos x)?

(€™ -1)

Variant 4
1 ,[ Xdx J- dx j dx
14 Yax+1 oy "I 1+ 4cos? x
4 J‘ (x—1)dx j sin xdx A J. 2
(x—1)\/3+ 2X — X* (1-sinx +cos x)° e - 2¢Y)
Variant 5
1. JX\ISX—ldX _ J.XZ 16 — x2dx . _[ dx
4 —3c0s® X +5sin? x
dx cos xdx 52X _ o
4. : : 6. dx
J‘x\/3x2+x+l J‘(1+smx+cosx)2 -[(e3x_3e><_2)
Variant 6
3X+4 2 dx
1. dx X A
J§/x—l+\/x—1 I 2 dx I1+sin2x
(X+1)VX2 +2X+2 (1+sinx)? (e2¥ —2e* +1)
Variant 7
x-1 x2_1 dx
] i o
L .[\/XJrldX J N dx J2+coszx
4. ax 5. | dx 5e” +2¢*
x\4x% + 6x —1 (5—3cosx) (€% +2¢¥+10)




Variant 8

lJ‘X+2

2.

X
J-\/(l—xz "

dx
3.
I1+ 2c0s’ X + 3sin® x

4'_[ dx j(1+5|n X)dx _[ 7e*X _15 y
xy3x% -1 (1—sinx)? (e2¥ = 2e* +5)
Variant 9
X [,2 tgxdx
dx X" —4 3.
-[\/Zx—l+(‘/2x—l 2. I N dx I:3in2x+20032x—3
(2x + 3)dx dx 2eX
—— — 6. dx
'[x\/6x x* 5, '[(5+4S|n X) I(e3x +8)
Variant 10
I \V3x+1 , /Xz _9 | 3 J- dx
1+43x+1 3| i 3-sinx

4.
J(X—Z)\/xz —4x+5

5 J dx
" J (3+cosx + 2sinX)

X

6.I - © ” dx
(e"+1)(e” -3

Variant 11
L .[3’/% ” 2. [ e > J.23in2xtji]);otlz);szx—l
2)d d "
4 I)(:(;—\/%( > J(8+7cos>z(—4sin X) o J(e“i_l) o
Variant 12
aline g [

j (x —=1)dx
xy2x2 -1

5 J dx
" J (3+cosx —2sinx)

1
6. | ——dx
I(eg’x +3e%)

Variant 13

| 1 dx
1 (x+ 2)\Jx+1

2.

! dx

I»\/(25+x2)3

3 J (2 — ctgx)dx
" Jsin? x + 4cos? x

(x=1)dx
XX + 2% +1

4.

5 J‘ dx
" (2+3cosx)

6. | :j(ex+5)dx




Variant 14

1 dx
1. [—=——~—dx X 3.
I(1+ Px)Ix 2| (412 ax J-sin2x+50032x
(x—1)dx sin xdx %
4, S | ———= 6. | ——dx
(X+2)VX? +4x+8 j(2+Sln X) I(eSX -8)
Variant 15
1 1 dx
1. dx 2. | ———=0dx 3.
-[\/2x+3+§/2x+3 J‘/(2+X2)3 j25in2x+cos2x+3
dx sin xdx eX
4 | —— — 6. dx
jx»\/4x2 -1 '[(5+ 3sinx) I(e?’x +e® +2e* +2)
Variant 16
Ix 2. [x/16 — x2dx (L+ 2tgx)dx
1. j dx
Ix +1 cos? x +1
4 J~ (2x +5)dx J cos xdx J eX_5 i
: : | ————dx
xVax—x? -1 (1+sinx—cosx) (e>* + 25)

Variant 17
1 dx 2tg%x —11tgx — 22)d
1. dx 2. [———— (2tg"x —11tgx — 22)dx
Ix/X+2+§/><+2 I«/(4+ x?)3 3. 4 —tgx
(x—2)dx COS xdx 1
4, _— 6. | ———dx
J’(x + 1)V X% +2x '[(5+4COSX) J-(e?’x +e")
Variant 18
3 4 4tgx — 5)dx
1. J‘\/\_/; ax 2. J - dXz 3 3 Jl—sfingx+4)coszx
x-1 NCEY'S
(2x +1)dx Ccos xdx 1
ey e Ty
Variant 19

dx

1 j—l
D Bx+1+41

2] x2dx
K3y

3J- (6 + tgx)dx
“J9sin? x + 4cos? x

4 ,[ (4x +1)dx

X\VX% —6x+1

' -[(3+3c:osx+55in X)

X

e
6] (€ -3)(e™* +2) P




Variant 20

I /de J-\/x2 —1dx I (sinzzx)dx
4—X x4 3cos“ x—4

dx

j (3x+1)dx J- COS xdx j 1

w2 + X2 (2+ cosx) (e -2)

Questions for self-control

1. What change of variable should be made when integrating the expression IX\/3X2 +1dx: a)

t=x%; 6)t= V3x% +1 . B) t=3x% 1) t=3x? +1 ? Take the reduced integral.

CgZXdx: a)

2. What change of variable should be made when integrating the expression I A
1+4x°

t=arctg2x; 0)t= X2 B) t= 4x? r) t=1/1+ 4x2 ) ? Take the reduced integral.
sin 2x

3. What change of variable should be made when integrating the expression I ﬁdx ;
—C0SZX

a)t=sin2x; 0) t=cos2x; B) t=1-co0s2x r) t=1/(1—cos2x)? Take the reduced integral.

1
4. What change of variable should be made when integrating the expression [———dx:
S 5 8 P I X~/1+In X

a)t=Inx; 0)t=1+Inx; B)t=1/x r)t=~+1+Inx ? Take the reduced integral.
2X

5. What change of variable should be made when integrating the expression | T dx: a)

t=e?*; 6)t=—2e%*; B)t=1-2e?* r)t=1/(1—e?*) ? Take the reduced integral.
c0S3X

\/2+sm3x
a) t=sin3x; 0)t=c0s3x; B)t=2+sin3x 1) t=+/2+sin3x ? Take the reduced integral.

7. How should an integral of the form J (x—3)sin2xdx be integrated by parts? Which of the

integrand functions should be choosen as u, and which one as dv in the formula
judv:uv—jvdu ?

6. What change of variable should be made when integrating the expression [—————

8. How should an integral of the form Igln(x—l)dx be integrated by parts? Which of the

integrand functions should be choosen as u, and which one as dv in the formula
judv:uv—jvdu ?

9. Integration by parts. Write down the basic formula. How should we integrate an integral of
the form [(x +1)arctg2xdx?



10. Integration by parts. Write down the basic formula. How should we integrate an integral of
the form [e*sin2xdx?
11. Integration by parts. Write down the basic formula. How should we integrate an integral of
the form J'(ZX +1)e*dx?
12. Integration by parts. Write down the basic formula. How should we integrate an integral of
the form [sin2xe*/°dx?

3

13. How can we expand the fraction z( Z 1))( by the sum of the elementary fractions? Choose
X —

the correct decomposition option:
x*+2x A B C . & x*+2x A B Cx+D

a = + + ; = + + :
)(x4—D x—1 x+1 x%+1 (x*-1) x-1 x+1 x®+1
x> +2x A B x> +2x A Cx+D
B) + ; +— ?
(x* =1) T x-1 x+1 (x -1) T x-1 x%41

2

. X X :
14. How can we expand the fraction 5 by the sum of the elementary fractions? Choose

X+ 2X A B C
= + +
(x-1° x-1 x+1 x*+1

the correct decomposition option: a)

2

) x? +2x A B +Cx+D_ X2 +2x A B c
(x-1° x-1 u—nz (x+1)°’ (x-1°% x- 1" (x —1)2 (x+n3’
)x +2x A Bx+C+Dx+E
(x-1)3 e 1 (x-1)2 (x+1)°
X2 + 2X
15. How can we expand the fraction by the sum of the elementary

(x=12(x* + x +1)

fractions? Choose the correct decomposition option:

X% +2x A B X% +2x A C
a 2,2 =t 750 2,2 =T ;
(x=D°(x“+x+1) x-1 (x-1) (x=1)°(x“+x+1) Xx-1 x“+x+1
X + 2x A B C
B) 2,42 VTR 2" 2 ;
(x=-D)°(x“+x+1) x-1 (x-1)° x“+x+1
X% + 2x A B C
r 5 = + +— ?
(x-D)°(x“+x+1) x-1 x+1 x“+x+1
: x? + 2x
16. How can we expand the fraction by the sum of the elementary

(x —1)(x? + x +1)°

fractions? Choose the correct decomposition option:



X2 +2x A Bx+C X% + 2X A Dx+E

a = + ; = + ;
(x=D(x® +x+1)% x-1 (x®2+x+1)° (X=D(x2+x+1? x-1 x2+x+1
X2 +2x A Bx+C Dx+E X2 +2x A Bx+C
B) 2 2=y 12 T 20 T 2,2 = T2 ?
(X=D(x +x+D° X=1 x“+x+1 (X" +x+1) (x=-1)°(x“+x+1) x-1 x°+x+1
. X2 + 2 .
17. How can we expand the fraction > by the sum of the elementary fractions?
(x+1)(2x+5)
Choose the correct decomposition option:
X* +2X A B  Cx+D X%+ 2x A B
a > = + + -5 0 > = + ;
(x+1)(2x+5)* x+1 2x+5 (2x+5) (x+1)(2x+5)° x+1 2x+5
X° +2Xx A B C X%+ 2x A Cx
B 5 = + + 55 T 5 = + 5 7
(x+1)(2x+5)° x+1 2x+5 (2x+5) (x+1)(2x+5)° x+1 (2x+5)
X2+ 2x

18. How can we expand the fraction by the sum of the elementary fractions?

(2x +1)%(x —5)

Choose the correct decomposition option:

X* +2x A B Cx+D X* +2x A B D
a > = + + 55 0) > = + + 55
(2x+1)°(2x-5) 2x+1 Xx-5 (2x+J) (2x+1)°(2x-5) 2x+1 Xx-5 (2x+J)
X* +2x A B Cx X* +2x A B
(2x+1)°(2x-5) 2x+1 Xx-5 (2x+]) (2x+1)°(2x-5) 2x+1 x-5
. X2 + 2X
19. How can we expand the fraction by the sum of the elementary

(X+7)(x—=3)(x—2)
fractions? Choose the correct decomposition option:

X% + 2X A B C
a) = = + + : 6)
(x+7)(x—=3)(x—2) X+7 Xx-3 x-2
X% + 2X __A B Cx+D _ X% + 2X __A B
(X+7)(x=3)(x=2) x-3 x+7 x*+1 ~ (x+7D(x-3)(x-2) x-1 x+1’
2
r) X+ 2X A Cx+D 2

= +
(x+7)(x-3)(x-2) x-1 x*>+7
20. How should the expressions of a kind jcos“xsinm xdx be integrated, if n is an even

number, and m is an odd one?
21. How should the expressions of a kind jcos”xsinm xdx, be integrated, if m is an even
number, and n is an odd one?

22. How should the expressions of a kind I cos"xsin™ xdx, be integrated, if n  and mis an

odd one?



23. What substitution should be done while integrating an expression of the form
[R(sinx;cosx;tgx)dx ?
24. What substitution should be done while integrating an expression of the form
[R(sin® x;cos® x; tgx)dx
25. What substitution is used when integrating the expressions of the form
jR(sinx;cosx;tgx)dx:a)t=sinx;6)t:tgx; B) t:cosx;r)t:tgg.
26. What substitution is used when integrating the expressions of the form
[R(sin® x;cos” x;tgx)dx: a) t=sinx; 6) t=tgx; B) t=C0SX; ) t:tgg.
27. What change of variable should be made when integrating the expression
jR(x;n/aX+b)dx: 2) t= ax+b; 5) t:n/ax+b; B) 1" :ax+b 9

cX +d cX +d cx+d cx+d
28. What change of variable should be made when integrating the expression
jR(x;{‘/qz—xz)dx: a) X=qcost; 6) x=qsint; B) X=qtgt r) X =qsect ?

29. What change of variable should be made when integrating the expression

[R(x;Ya® +x%)dx: a) x=qcost; 6) x=gsint; B) X=0tgt r) x=qsect ?
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